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We study a single quantized vortex in the fermionic component of a mixture of Fermi superfluid
and Bose-Einstein condensate. As the density ratio between the boson and the fermion components
is tuned, we identify a transition in the vortex-core structure, across which fermions in the vortex
core become completely depleted even in the weak-coupling Bardeen-Cooper-Schrieffer regime. This
is accompanied by changes in key properties of the vortex state, as well as by the localization of
the Bose-Einstein condensate in the vortex core. The transition in the vortex-core structure can be
experimentally probed in Bose-Fermi superfluid mixtures by detecting the size and visibility of the
vortices.
PACS numbers: 67.85.Lm, 03.75.Ss, 05.30.Fk
I. INTRODUCTION
Superfluidity is one of the most remarkable macro-
scopic quantum phenomena. In liquid helium, and more
recently in ultracold atomic gases, both Bose and Fermi
superfluidity has been investigated in great detail [1–9].
A long-sought goal in liquid helium is the simultaneous
superfluidity of the bosonic 4He and the fermionic 3He,
which turned out to be difficult due to the strong interac-
tions between the two species [10, 11]. The recent exper-
imental realization of superfluid mixtures in cold gases
of Bose and Fermi atoms represents a significant step
forward [12–15]. With highly tunable parameters [16],
cold atomic gases offer a flexible platform on which var-
ious many-body properties of the two-species superfluid
can be investigated from new perspectives, and in a con-
trolled fashion.
An important signature of superfluidity is the exis-
tence of quantized vortices, which have been extensively
investigated in a pure Bose or Fermi superfluid of cold
atoms [4, 6, 7, 9]. In a very recent experiment, vor-
tices have also been generated in a Bose-Fermi mixture
of 6Li and 41K atoms [13]. Besides confirming the two-
species superfluidity of the system, the experiment raises
the challenging question regarding the vortex structure
in the presence of a two-species superfluid. In particu-
lar, as the microscopic vortex-core structure offers vital
information of the many-body environment [17–19] and
has an important impact on the macroscopic structure of
the vortex lattice [20], a better understanding of a single
quantized vortex in the Bose-Fermi mixture is in order.
In this work, we study a singly quantized vortex in the
∗Electronic address: wzhangl@ruc.edu.cn
†Electronic address: wyiz@ustc.edu.cn
fermionic component of the mixture of a Bose-Einstein
condensate (BEC) and a Fermi superfluid. By self-
consistently solving the Bogoliubov-de Gennes (BdG)
and the Gross-Pitaevskii (GP) equations, we show that,
as the density ratio between the boson and the fermion
components increases, a transition occurs in the vortex-
core structure, beyond which fermions in the vortex core
become completely depleted even in the Bardeen-Cooper-
Schrieffer (BCS) regime. The local depletion of fermions
is accompanied by the localization of the BEC in the
vortex core. The transition originates from the repulsive
Bose-Fermi interactions, which induce effectively poten-
tials of different signs for the Bose and the Fermi com-
ponents. As the ground state of the many-body system
changes across the transition, relevant properties such as
the superfluid order parameters, the quasi-particle spec-
trum, and the superfluid current density of the fermions
are all affected. While the transition of the vortex core
persists as the Fermi superfluid is far away from the BCS
regime, multiple branches of vortex bound states emerge
from the bulk spectrum due to the strong extension of
the vortex core. Whereas vortices in two-species BECs
have been studied previously [26? –35], the impact of
the vortex-core transition on quantities like Fermi su-
perfluid order parameter and quasiparticle spectra is an
interesting new element in the Bose-Fermi mixture, and
has not been reported before. The depletion of vortex-
core fermions and the localization of BEC should be de-
tectable under current experimental conditions by prob-
ing the size and visibility of the vortices.
The remainder of the paper is organized as follows.
In Sec. II, we present the model Hamiltonian and the
equations of motion of the quasiparticles. The transition
in the vortex-core structure is then discussed in Sec. III.
The underlying mechanism of such a transition, as well as
the associated changes in density distributions and quasi-
particle excitations are analyzed in Sec. IV. We study the
ar
X
iv
:1
70
1.
06
24
5v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 22
 Ju
n 2
01
7
2effects of interaction in Sec. V, and summarize in Sec. VI.
II. FORMALISM
The Hamiltonian of an interacting Bose-Fermi mixture
can be written as [21, 22]
H =
∫
d3r
[∑
σ
ψˆ†σ
(
−~
2∇2
2mF
+ gBF ϕˆ
†ϕˆ− µF
)
ψˆσ
+ gF ψˆ
†
↑ψˆ
†
↓ψˆ↓ψˆ↑ + ϕˆ
†
(
−~
2∇2
2mB
− µB
)
ϕˆ
+
gB
2
ϕˆ†ϕˆ†ϕˆϕˆ
]
,
(1)
where ψˆσ (r) is the field operator for fermions with pseu-
dospin σ =↑↓ and ϕˆ (r) is the field operator for bosons.
µF (µB) is the chemical potential of the Fermi (Bose)
component. The interaction parameters for bosons are
given by gB = 4pi~2aB/mB and gBF = 4pi~2aBF /mBF ,
where aB and aBF are respectively the Bose-Bose and
the Bose-Fermi scattering lengths. Here, the reduced
mass mBF is related to the mass of bosons mB and that
of fermions mF as mBF = (mB + mF )/(2mBmF ). We
consider the case where the mixture is prepared near a
wide s-wave Feshbach resonance between the two fermion
species, so that gF is related to the Fermi-Fermi scat-
tering length aF through 1/(kFaF ) = 8piF /(gF k
3
F ) +
(2/pi)
√
Ec/F , with the Fermi energy F = ~2k2F /2mF
and the Fermi wave vector kF . Ec is the cutoff energy
introduced in the renormalization process and does not
affect the results [19].
Following the standard mean-field formalism, we de-
fine, respectively, the order parameter for the Fermi
pairing superfluid ∆ (r) = gF 〈ψ↓ψ↑〉, and for the BEC
ϕ (r) = 〈ϕˆ (r)〉. From Eq. (1), we derive the generalized
BdG equation[
Mˆ ∆ (r)
∆∗ (r) −Mˆ
] [
un
υn
]
= En
[
un
υn
]
, (2)
which is coupled to the GP equation[
−~
2∇2
2mB
+ gBFnF (r) + gBnB(r)
]
ϕ(r) = µBϕ(r). (3)
Here, Mˆ = −~2∇22mF + gBFnB (r) − µF , (un, υn)
T
is the
fermion quasi-particle wave function with eigenvalue En,
and nF (r) =
∑
σ〈ψ†σψσ〉 and nB (r) = |ϕ (r)|2 are re-
spectively the fermion and the boson densities.
We study an isolated vortex state in a cylindrically
symmetric trap with an open boundary condition at
ρ = R, and periodic boundary conditions at z = ±Lz/2,
where r = (ρ, θ, z) under the cylindrical coordinates.
We further assume R  Lz such that the dynamic
degrees of freedom of the BEC along the z direction
can be neglected. To describe a single vortex, we take
∆(r) = ∆(ρ)e−iθ and expand the quasiparticle wave
functions as[
un
υn
]
=
1√
2piLz
∑
kzlj
[
c
(n)
kzlj
φjl (ρ)
d
(n)
kzlj
φjl+1 (ρ) e
iθ
]
ei(lθ+kzz),
(4)
where kz = 2νpi/Lz with ν ∈ Z. The Fourier-Bessel
series φjl (ρ) =
√
2Jl (αjlρ/R) / [RJl+1 (αjl)] for l ∈ Z
and j ∈ Z+. Jl (ρ) is the Bessel function of the first kind,
whose zero points are given by αjl. Similarly, we can
write ϕ (r) as ϕ (r) = (2piLz)
−1/2∑
j fjφj0 (ρ).
Finally, the BdG and GP equations become
∑
j′
 T jj′l ∆jj′l,l+1
∆jj
′
l+1,l −T jj
′
l+1
[ c(n)kzlj′
d
(n)
kzlj
′
]
= En
[
c
(n)
kzlj
d
(n)
kzlj
]
, (5)
and∑
j′
(
α2j0
R2
δjj′ + gBFn
jj
′
F,0 + gBn
jj
′
B,0
)
fj′ = µBfj , (6)
where T jj
′
l = (
~2
2mF
α2jl
R2 +
~2k2z
2mF
− µF )δjj′ + gBFnjj
′
B,l with
njj
′
B,F,l =
∫ R
0
dρρnB,F (ρ)φjl (ρ)φj′l (ρ), and
∆j
′
j
ll′
=
∫ R
0
dρρ∆ (ρ)φjl (ρ)φj′l′ (ρ) . (7)
Equations (5) and (6) are then solved self-consistently
with the gap equation
∆ (ρ) =
gF
2piLz
∑
lkz,En≥0,jj′
c
(n)
kzlj
d
(n)
kzlj
′φjl (ρ)φj′ l+1 (ρ) ,
(8)
and the number equations NF = 2
∑
lkz,En≥0,j d
(n)2
kzlj
and
NB =
∑
j f
2
j . For our numerical calculations, we simul-
taneously fix the total number of particles of the fermion
(NF ) and the boson (NB) component.
III. TRANSITION IN THE VORTEX-CORE
STRUCTURE
In the presence of the BEC, the vortex-core structure
in the Fermi condensate can be significantly modified by
the Bose-Fermi interactions. In current experiments with
Bose-Fermi superfluid mixtures [12–15], it is typically dif-
ficult to simultaneously tune the Fermi-Fermi and Bose-
Fermi interactions to the strongly interacting regime. We
therefore consider the case where the Fermi condensate
is close to a wide Feshbach resonance, while the particle-
number ratio of the Bose-Fermi mixture γn = NB/NF ,
rather than the Bose-Fermi interaction strength, is var-
ied. We will first focus on the case in which the Fermi
condensate is on the BCS side of the resonance, such that
the impact of Bose-Fermi interactions on the vortex-core
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FIG. 1: (Color online) Order parameter (a), the fermion den-
sity distribution (b), and the superfluid current distribution
(c) as functions of ρ with different particle-number ratio γn.
The blue solid, green dash-dotted, red dotted, brown dashed,
and black solid curves correspond to γn = 1.6, 1.8, 2.0, 2.2, 2.4,
respectively. Here n¯F = NF /piR
2Lz and vF = ~kF /mF . (d)
The fermion density at the vortex core (ρ = 0) as a func-
tion of γn. Other parameters are: R = 50/kF , Lz = 5/kF ,
mF /mB = 0.1, kF = 4.6×106m−1, aF = −1/kF , Ec = 20EF ,
aB = 0, and aBF = 80a0 with the Bohr radius a0. A sharp
transition occurs at around γcn = 2.0 for all the calculated
quantities.
structure is the most significant. For simplicity, through-
out this work, we consider a noninteracting BEC with
gB = 0, while we emphasize that all results remain quali-
tatively unchanged for BECs with attractive interactions
or with weak repulsive interactions.
In Fig. 1, we show various properties of a single vor-
tex in the Bose-Fermi mixture as functions of γn. In all
of these calculations, sharp transitions can be identified
near γcn ≈ 2.0. For γn < γcn, the vortex-core structure
has similar features as that in the absence of BEC: the
order parameter ∆(ρ) scales linearly with ρ near the vor-
tex core, the fermion density depletes only slightly at
the core, and the superfluid current distribution j (ρ) =
−2~(2piLzmF ρ)−1
∑
lkz,En≥0(l + 1)
[∑
j d
(n)
kzlj
φjl+1 (ρ)
]2
has a sharp peak near ρc ∼ 1/kF , which roughly cor-
responds to the size of the core [19, 23]. The linear
dependence of the order parameter at the vortex core
∆(ρ) ∝ ρ as γn < γcn can be semi-analytically derived
by considering the asymptotic behavior of Jl(ρ) ∝ ρ|l| as
ρ ∼ 0. Close to the origin, ∆ is small compared to other
terms; the Bose density can therefore be seen as a con-
stant due to its relatively large length scale of variation
(see Fig. 2). Therefore, the BdG equation is dominated
by the kinetic-energy terms and ∆ (ρ) ∝ J0 (ρ) J1 (ρ) ∝ ρ.
Similarly, this initial slope of ∆(ρ) is set by the length
scale k−1F [19]. Since j = ρsvs with vs = (~/2mF ρ) and
ρs ∼ ∆2 , j (ρ) also varies linearly near the origin. When
ρ increases away from the vortex core, j (ρ) ∝ 1/ρ as ∆
becomes a constant. A sharp peak in the j(ρ) curve hence
arises in the intermediate regime. However, as shown in
Fig. 1 and discussed more in the next section, when γn
increases beyond γcn, these features change dramatically:
the fermion density near the core center nF (0) becomes
completely depleted, the order parameter deviates from
a linear scaling in ρ at around the core and the sharp
feature in the superfluid current distribution disappears.
The occurrence of the transition at γcn is a direct result
of Bose-Fermi interactions. From Eqs. (5) and (6), we see
that the Bose-Fermi interactions give rise to effective po-
tentials for the two components. While the Bose-Fermi
interaction is repulsive, the effective potential near the
vortex core is repulsive for fermions and attractive for
bosons, which is due to the qualitatively different den-
sity distributions of nB(ρ) and nF (ρ). The increase of
γn would lead to a stronger repulsive potential gBFnB(ρ)
for the fermions, which further depletes fermions from the
vortex core and increases the depth and width of the at-
tractive potential gBFnF (ρ) for the BEC. Such a positive
feedback mechanism would eventually make the widths
of the attractive and the repulsive potentials match with
one another, at which point the vortex-core structure for
fermions undergoes drastic changes as the BEC becomes
localized at the vortex core.
IV. DENSITY DISTRIBUTIONS AND
QUASI-PARTICLE EXCITATIONS IN THE
VORTEX CORE
The general picture above can be confirmed in
Fig. 2(a), where we estimate the widths of the repulsive
and the attractive potentials as the half-width of nB(ρ)
and the half-width of the depletion in nF (ρ), respectively.
While the two widths are quite different at small γn, they
cross each other at γcn with a length scale of ∼ 5/kF , and
remain on the same length scale beyond the transition.
We notice that the half-width of the depletion in ∆(ρ) is
also close to 5/kF at γ
c
n. Although different parameters
have been employed to characterize the size of the vortex
core in the previous literature [19, 23], for convenience,
here we use the half-width of fermion density depletion
dF to estimate the size of the vortex core. From Fig. 2(a),
it is clear that the size of the vortex core is on the order
of 1/kF for small γn, but becomes much larger beyond
the transition.
An interesting property of the transition is the com-
plete depletion of fermions at the center of the vortex.
The fermion depletion can be understood by calculating
the effective chemical potential µeff(ρ) = µF − gBFnB(ρ)
of the fermions at ρ = 0. When γn > γ
c
n, the vari-
ation length scale of the fermion density at the vortex
core becomes several times of 1/kF and the local density
approximation (LDA) should be locally applicable. As
the local pairing order parameter vanishes at ρ = 0, ac-
cording to the number equation for fermions, the local
fermion density at ρ = 0 should also vanish when the
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FIG. 2: (Color online) (a) Variation of the half-width of nB(ρ)
(dB , blue solid curve), and the half-widths of depletion in
∆(ρ) (d∆, red dash-dotted curve) and nF (ρ) (dF , black dotted
curve). The slight distortion on the dF curve originates from
the half-width position passing through a Friedel-oscillation-
like peak [17]. (b) The variation of the local effective chemical
potential (µ−gBFnB(0)) in the vortex core. (c) The BEC den-
sity distribution with different γn, where the line-style con-
vention is the same as those in Fig. 1(a). The inset here shows
the variation of the Bose-Fermi interaction energy EBF as γn
increases. (d) The half-widths of the BEC density distribu-
tion with R = 50/kF (blue solid curve) and R = 100/kF (red
dash-dotted curve), respectively. Other parameters are also
set to be the same as Fig. 1.
local chemical potential µeff becomes negative. We show
µeff(0) as a function of γn in Fig. 2(b), from which it
is clear that the effective chemical potential undergoes a
sharp transition at γcn and becomes negative as γn > γ
c
n.
Numerically, we find the fermion density near the core
center becomes vanishingly small when γn > γ
c
n. The
complete depletion of nF (ρ) and the localization of the
bosons discussed below can be seen as a phase separa-
tion [22]. Accordingly, ∆(ρ) and j(ρ) also vanish near the
core center, which leads to the deviation of the order pa-
rameter from a linear scaling in ρ and the disappearance
of sharp features in the superfluid current distribution.
This can be confirmed through a polynomial fitting of
∆(ρ) near the core center, where the fitting coefficients
present sharp features at the transition point and become
vanishingly small as γn > γ
c
n, as shown in Fig. 3.
The depletion of the fermions at the core is accompa-
nied by the localization of the BEC wave function for
γn > γ
c
n. Such a localization can be directly identified
from the density distribution of the BEC as shown in
Fig. 2(c), and is consistent with the variation of the half-
width of its density distribution in Fig. 2(a). When γn
is small, the fermion depletion is limited both in particle
number and in spatial range. The BEC density distri-
bution is therefore extended, with the half-width com-
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FIG. 3: (Color online) Coefficients Cj of the polynomial fit-
ting ∆(ρ) ≈ ∑4j=1 Cjρj in the regime ρ ∈ (0, 1/kF ] as func-
tions of γn. All parameters are set to be the same as in Fig.
1.
parable to the system size R. When γn increases, the
half-width decreases continuously, suggesting a stronger
attractive potential provided by the vortex state and a
localizing tendency of the extended BEC. Near the crit-
ical γcn, the half-width of the boson density distribution
is ∼ 5/kF , which is comparable to the size of the vor-
tex core. By further increasing γn beyond γ
c
n, the half-
width begins to increase with γn, which is a clear signal
that the BEC is localized in the core. After the local-
ization of the BEC and the depletion of the fermions
from the core, the Bose-Fermi interaction energy mostly
comes from the Bose-Fermi boundary, which gives rise to
a saturation of the interaction energy beyond γcn [see the
inset of Fig. 2(c)]. The localization of the BEC is also
reflected in the dependence of the half-width of the BEC
density distribution on the system size R. As illustrated
in Fig. 2(d), while the half-width increases significantly
with R for γn < γ
c
n, beyond the transition, the half-width
is essentially insensitive to R.
The fermion depletion and the modified behavior of
∆(ρ) at the vortex core give rise to changes in the
quasiparticle excitations and in the Andreev-like bound
states at the vortex core. These changes are illustrated
in Fig. 4. Beyond the critical γcn, the nearly contin-
uous in-gap spectrum will be pushed toward the bulk
spectrum [see Fig. 4(a)-4(c)], with an appreciable in-
crease in the lowest excitation energy for the Andreev-
like bound states. The suppression of the in-gap bound
states as well as the complete depletion of fermions at the
core, are reflected in the local density of states (LDOS)
D(ρ,E) = 2
∑
n |un(ρ)|2δ(E − En) [23, 24] at ρ = 0.
As shown in Fig. 4(d), while the sharp peak associated
with the lowest excited state shrinks, states with E < 0
become unoccupied in the LDOS for γn > γ
c
n.
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FIG. 4: (Color online) The Fermi quasiparticle spectra for
γn = 1.8 (a) and 2.2 (b), and the variation of the energy of
the lowest excited state (c) as functions of γn. (d) The local
density of states D(0, E) for γn = 1.8 (blue solid curve) and
2.2 (red dash-dotted curve). Other parameters are also the
same with those in Fig. 1.
V. BCS-BEC CROSSOVER
In the previous discussions, we have been focusing on
the vortex state in the BCS regime. As the Fermi super-
fluid is tuned across the BCS-BEC crossover, the tran-
sition in the vortex-core structure persists, while many
features are modified. Away from the BCS regime, as
the pairing order parameter becomes larger, the lowest
excitation energy of the Andreev-like bound states also
increases, which is similar to the case without BEC [19].
Additionally, unique to the Bose-Fermi superfluid mix-
ture, multiple branches of vortex bound states emerge
from the bulk spectrum away from the BCS regime
[see Fig. 5(a) and 5(b)], which is only possible when
the core size becomes larger than the coherence length
ξ = ~vF /∆0 [25]. Here, ∆0 is the bulk value of ∆(ρ)
and ξ v 1/kF in the resonance regime [19]. The condi-
tion above is facilitated by the larger fermion depletion
at the vortex core in the strong-coupling regime, which
enhances BEC localization and increases the core size;
and by the smaller coherence length of the Fermi super-
fluid away from the BCS regime. We then identify the
transition in the vortex core, for instance, from the half-
width of the BEC density distribution [see Fig. 5(c)], or
from features of the vortex state. As shown in Fig. 5(d),
the critical γcn decreases as the Fermi-Fermi interaction is
tuned toward the strong-coupling regime, which further
confirms the enhanced BEC location toward the strong-
coupling regime.
−20 0 20
−1
−0.5
0
0.5
1
l
E/
E
F
−20 0 20
−1
−0.5
0
0.5
1
l
E/
E
F
0 1 2
0
10
20
γ
n
k F
d B
(c)
−1 0 1
0.5
1
1.5
2
(kF  a F)
−1
γ nc
(a) (b)
(d)
FIG. 5: (Color online) Quasiparticle spectra at (kF aF )
−1 = 0
with γn = 1 (a) and 1.4 (b). Here the critical γn is ∼ 1.2.
The quasiparticle spectra in the BEC regime is qualita-
tively similar with those at unitarity. For comparison, we
plot the half-widths of the Bose density distributions dB for
(kF aF )
−1 = −1 (blue solid curve), (kF aF )−1 = 0 (red dash-
dotted curve) and (kF aF )
−1 = 1 (black dotted curve) in (c).
(d) The variation of the critical γn as a function of (kF aF )
−1.
VI. SUMMARY AND FINAL REMARKS
By analyzing the vortex state in the Fermi component,
we have revealed an interesting transition in the vortex-
core structure of a mixture of Bose and Fermi superflu-
ids. We found that the vortex-core transition can lead
to a variety of interesting features in quantities like the
superfluid order parameter and the quasiparticle spec-
tra of the fermions. In particular, we identified a par-
tial depletion of the fermion density at the vortex core
as well as the Andreev-like vortex bound states in the
quasiparticle spectra. Such a transition is induced by
the inter-species interaction between the two superfluid
components. When the Fermi-Fermi interaction is tuned
to the deep BEC regime, the vortex state discussed here
can be reduced to the previously studied case of a two-
species BEC [3, 26–35], where a transition of vortex-core
structure is also present due to the interspecies interac-
tion. However, we emphasize that the interesting features
discussed in this work are unique for a Bose-Fermi super-
fluid mixture, as a vortex in a Fermi superfluid is linked
to a phase singularity of the pairing field and hence ac-
quires much richer structures away from the deep BEC
regime.
Furthermore, although we have mostly considered a
noninteracting BEC, we have checked that a similar tran-
sition exists for BEC with attractive interactions or with
weak repulsive interactions. Strong repulsive interaction
in the BEC would compete with the attractive potential
of the vortex state, and thus prevent the localization of
the BEC and the corresponding transition in the vortex
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FIG. 6: (Color online) (a) Order parameter, (b) the fermion
density distribution, and (c) the superfluid current distri-
bution as functions of ρ with different particle-number ra-
tio γn. The blue solid, green dash-dotted, red dotted,
brown dashed, and black solid curves correspond to γn =
0.35, 0.45, 0.55, 0.65, 0.75, respectively. (d) The fermion den-
sity at the vortex core (ρ = 0) as a function of γn. Here, we
consider a weak attractive interaction between bosons with
gB = −10a0, while the other parameters are the same as in
Fig. 1.
core. We show the transition with an attractive interac-
tion for the bosons in Fig. 6, where the critical γn even
becomes smaller. Unlike the case with gB = 0, the BEC
is further localized due to the attractive interaction and
the sharp feature on the j(ρ) curve appears again as γn
far away from the critical point. In the case of a repulsive
BEC, the parameter regime for the vortex-core transition
is extremely narrow under current parameters. The tran-
sition in the vortex core should significantly change the
size and visibility of the vortices, and it would be interest-
ing to study its effects on the macroscopic vortex-lattice
configurations under experimental conditions.
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